We consider "new inflation" inflationary models at small fields, embedded in minimal N = 1 supergravity with a single chiral superfield. Imposing a period of inflation compatible with experiment severely restricts possible models, classified in perturbation theory. If moreover we impose that the field goes to large values and very small potential at the current time, like would be needed for instance for the inflaton being the volume modulus in large extra dimensional scenarios, the possible models are restricted to very contrived superpotentials. *
Introduction
Inflation is now the standard paradigm for the beginning of the Universe, though there are alternatives, like ekpyrotic and cyclic models [1] [2] [3] , string and brane gas cosmologies [4] [5] [6] , etc., but none are as compelling. On the other hand, supersymmetry is a standard tool in particle physics to fix a variety of problems, like the hierarchy problem, gauge coupling unification, offering natural dark matter candidates, and generally improving the UV behaviour of the Standard Model. Despite the (yet) lack of experimenal evidence, being such a compelling scenario, it is still the preferred model for an extension of the Standard Model. When considering a model that includes gravity, like in the case of inflationary cosmology, we have to consider supergravity, and the simplest case is to consider N = 1 minimal supergravity plus matter.
It would be the natural thing to ask if we can embed the inflaton into a chiral superfield that couples to the minimal supergravity. It turns out that having just the inflaton chiral superfield coupled to supergravity is quite difficult to achieve (see e.g. the review [7] ). Progress towards embedding a general inflationary model in minimal supergravity plus a single chiral superfield was achieved in [8, 9] , with a Kähler potential that is somewhat non standard. 1 The case of generalized f (R) inflation was analyzed in [12] .
But one of the most popular ways to obtain inflation is in the "new inflation" scenario, where there is a plateau at small inflaton field, followed by a drop in the potential, that realizes reheating or preheating. It is therefore of interest to embed it in minimal supergravity plus a single chiral superfield, but that is in fact quite difficult. It is generally considered that the Kähler potential at small field has either a perturbative form around the canonical form, or a logarithmic form that is obtained for instance if the inflaton is a volume modulus. For the (nonperturbative) superpotential, one can consider the most general form possible.
Therefore, in this paper we will investigate the generality of obtaining "new inflation" within the context of minimal supergravity coupled with a single scalar superfield. We will consider the various possibilities for the Kähler potential and superpotential, viewed as a perturbative expansion around a leading term. We will see that this puts stringent constraints on the possible forms of the superpotential. Further, we will investigate what happens if we want also the scalar to be able to reach large values at small potential (small cosmological constant), like in the case the inflaton is the volume modulus in large extra dimensions. We will see that then only very contrived forms of the superpotential are allowed, and the experimental constraints further rule out most models.
The paper is organized as follows. In section 2 we analyze small field inflation. 2 After a general description of the possibilities allowed by theory and experiment, classifying the 1 Also, a model of helical inflation in minimal supergravity with a single chiral superfield was obtained in [10] . Within the context of cosmological α-attractors a model of minimal supergravity with a single chiral superfield was obtained in [11] .
2 Small field inflation in N = 1 supergravity was also briefly analyzed in [13] .
possible Kähler potentials and superpotentials, we show the effect of field redefinitions in section 2.1. After that, we proceed to analyze the possible cases of Kähler potentials and superpotentials in section 2.2. In section 2.3 we consider the constraints imposed by larger fields, in order to end inflation, in a reheating or preheating phase. Then in section 3 we consider the constraints imposed if we want to be able to reach high values of the scalar field, for small values of the potential. We conclude in section 4.
Small field inflation
Consider that the inflaton σ is the imaginary part of a complex scalar Φ that is part of a chiral supermultiplet, coupled to minimal supergravity, i.e. Φ = iσ + ... The choice of real or imaginary part is a convention on whether we multiply Φ with an i.
We want to make an analysis of the simplest and the most natural possibilities for the Kähler potential K(Φ,Φ) and the superpotential W (Φ), and impose the usual constraints on the resulting potentials. 3 First off, K(Φ,Φ) must be a real function, because of symmetry (though one could imagine a more general function of Φ andΦ separately, and then in the x-space action one would add the hermitian conjugate, but in this way nothing new would be obtained). Then, we can think of it as being a function of eitherΦΦ or Φ +Φ. Note that we could have also i(Φ − Φ), but that is simply related by a rescaling with an i from the Φ +Φ case. However, if we define that the inflaton is the imaginary part of Φ, then we should add both kinds of corrections.
Given a Kähler potential K and a superpotential W , the scalar potential is given by the formula
where g ij = ∂ i ∂jK as before and
Unless explicitly stated, we will put M Pl = 1 in the following.
In a perturbative expansion, the Kähler potential could:
• -start off as the canonical potentialΦΦ, that gives a canonical kinetic term for the scalars in the superfield, and then have small corrections (when σ = ImΦ is small) around it. Thus
In this way, K has a Taylor expansion (in the complex variables).
3 Some constraints on inflationary models coming from Kähler geometry were found in [14, 15] .
• -start off as a real linear term, plus corrections, i.e.
Here the leading term gives a vanishing kinetic term, so in fact we need to consider the quadratic part as leading, and then we will see that this contains an important case.
• -start off as a singular function with only poles, i.e.
It is not very clear how could the leading term appear from a more fundamental origin like string theory, as there are no known examples for its origin.
• -start off as a singular function with an essential singularity. There are no known examples for something like e
ΦΦ for the leading term, which would be a natural guess for an essential singularity. But there are known examples for a logarithmic form as the leading term, which we will write more generally as
6) where a and b are real, and we put both a and b terms since we fixed the inflaton to be imaginary part of Φ, but both real and imaginary parts could appear in principle inside the log. This is in fact a very important example, since for instance the Kähler potential for the volume modulus in supergravity compactifications has this logarithmic form. Also other moduli in string compactifications can appear inside the log. If then one of these moduli is the inflaton, we naturally obtain the case above.
For the superpotential W (Φ), we can also consider a similar classification, in terms of a leading term that is either a positive power law Φ n , a negative power law (pole) Φ −m , or an essential singularity, which naturally could be e − 1 Φ n or ln Φ. Note that now we have a single variable, the holomorphic variable Φ, so the leading term is simply multiplied with a generic Taylor expansion in Φ, n≥0 c n Φ n .
Before we start this analysis however, we will say a few words about possible field and function redefinitions.
Field redefinitions
There are various field redefinitions one could make. First of all, for complex scalars φ i with a generic sigma model kinetic term,
which in the supersymmetric context comes from the Kähler potential for the superfields
we can always make arbitrary scalar field redefinitions φ ′i = f (φk, φ l ) to change the kinetic term to whatever we want, for instance to put it to the canonical form (with g ij = δ ij ). 4 However, if we consider instead only the restricted set of holomorphic transformation,
which can be extended to the holomorphic transformations of the superpotential, which therefore preserve the manifestly supersymmetric structure,
then we cannot guarantee that we can put the sigma model metric in whatever form we want, in particular we cannot guarantee that we can obtain the canonical form (with g ij = δ ij ).
In addition to these transformations on the fields, there is another ambiguity that only affects the Kähler potential K, namely the Kähler transformations, which are a sort of "gauge" transformations of K that leave the metric g ij invariant, and thus the form of the explicit Lagrangean of rigid supersymmetry; in supergravity we must supplement them (in the case when f 1 = f 2 ≡ f below) with a change in the superpotential in order to have the bosonic Lagrangian be invariant. They are given by
as well as W → e −f W ≡ W ′ . In the following we will consider implicitly that we work with W ′ .
We want to see what is the effect of the Kähler transformations and the holomorphic redefinitions on the perturbative K, i.e. what can we fix by using these transformations. Note that if we want K to remain real, we need f 1 = f 2 .
Leading canonical term in K
Consider a Kähler potential that starts with the canonical termΦΦ, and then includes higher order corrections. For a generic one, we expect to have the possible corrections enumerated in the previous subsection. However, we can consider also the special case when the next nonzero correction occurs only at order n in Φ,Φ.
Then in some special cases, we can get rid of the corrections as follows.
• If K = ΦΦ + α(Φ n +Φ n ), the Kähler potential is equivalent to the canonical one by the Kähler transformation
(2.12) 13) where in the last line we have considered that Φ is small.
In general, at order n we could have corrections of the type Φ n , Φ n−1Φ , Φ n−2Φ2 , ...Φ n , of course with the constraint of reality, which would relate the coefficients. The redefinition and the Kähler transformation above can be used to cancel the terms Φ n ,Φ n and n(Φ n−1Φ + Φ n−1 Φ), but that would leave (if n = 2, i.e. if we have a correction to the canonical case, which itself has n = 2) other terms unchanged, and in this case there will be more than one term.
As an example, consider corrections that are only functions ofΦ + Φ, and consider their expansion up to order n = 4. Then we have generically
We see then that considering a field redefinition with β 2 = −3α, β 3 = −4β and a Kähler transformation with F (Φ) = −αΦ 3 − βΦ 4 , we can get rid of all terms except the symmetric one,Φ 2 Φ 2 , so the α and β corrections in this example are equivalent to aΦ 2 Φ 2 correction.
Leading logarithmic term in K
Another useful possibility is to have a logarithmic Kähler potential, with corrections. For instance, if Φ is a volume modulus for the compact space K, specifically σ = ImΦ being the volume in Planck units up to some numbers, then from the Kaluza-Klein dimensional reduction on K we obtain (reinstating M Pl momentarily for emphasis) 15) with α = 3 for a 6-dimensional space K 6 , and in general α depending only on the dimension. Moreover, in this case the corrections naturally appear inside the log, as exemplified for instance by string corrections in various string models. Consider therefore
We can in principle consider both the case when f is leading, or subleading, at small Φ. At this time we will consider only the case it is subleading, coming back to the leading case in the next section.
Then a field redefinition at small field Φ, i.e. Φ ′ = Φ + β k Φ k would simply redefine the function f . On the other hand, a Kähler transformation would simply turn it into the more general
In this case, the scalar potential (for a general superpotential W ) will be
Taylor and Laurent series expansions
We now proceed to analyze the perturbative expansion of superpotentials, based on the Kähler potentials analyzed in the previous subsections. Our goal is to consider inflation in these models, so we will use the known experimental constraints on inflation.
In order to do that, we must calculate the standard slow-roll parameters ǫ and η,
where φ can is the canonical scalar (inflaton), and one should compare the resulting scalar tilt n s and tensor to scalar ratio r, given by 20) with the experimental results, the n s from the 2015 Planck paper [16] , and the bound on r from the 2015 joint Planck-BICEP2 paper [17] ,
In the case that η ≪ ǫ, it means that we need
Note that for a real Kähler metric g φφ = ∂ φ ∂φK and imaginary inflaton, since
we have
The eta problem for small field inflation
Note that since we need ǫ ≪ 1 and η ≪ 1, if in small field inflation the potential is Taylor expanded near the origin as
then we need to have C 1 ≪ 1, C 2 ≪ 1. But generically we would get C 1 , C 2 ∼ 1, which would not give inflation. This is the eta problem for small field inflation. To obtain inflation, we will need to either impose C 1 , C 2 ≪ 1, or simply for them to vanish, and only have higher orders in φ can .
Other constraints
One should also fix the normalization of the potential using the WMAP data [18]
where
, as well as the number of e-folds,
Note that if we are interested only in the leading behaviour in σ for ǫ and N e , we can neglect the subleading terms in g φφ for the calculation of ǫ, η, N e , since g φφ appears outside derivative terms, so they would only contribute to subleading terms in the quantity calculated. In the following, we again revert to M Pl = 1.
Perturbative Kähler potential
We start by considering the case of Kähler potential that is canonical plus corrections. As we saw, corrections up to fourth order in Φ +Φ are equivalent to corrections to second order inΦΦ, so we consider
understood as an approximation in κ. Then for a general superpotential W , the scalar potential becomes
Laurent expansion of superpotential
Consider the case that the superpotential starts with a pole (negative power), and is Laurent expandable, or rather, a pole times a Taylor expandable function. We will consider the Taylor expansion up to fourth order, i.e.
where we have defined
Note that we have considered also the second subleading term with coefficient B, but its expression is correct only if n = 0, so that the first term vanishes. Otherwise, since K is correct only up to the first nontrivial order, the final result for V should also be correct only for the first subleading term. We next calculate the slow-roll parameter ǫ. As we said, for its calculation we need to keep only the leading term in g φφ , so we approximate
If n = 0 and n = −1, then we have
which contradicts our assumptions, since we want ǫ ≪ 1, so this case does not give inflation.
If n = 0, we get
where now a 2 A = b 2 − 3a 2 and a 2 B = a 2 − (b 2 − 2ac) + 4c 2 − 6bd − 4b 2 κ. Now we can adjust the parameters of the superpotential in order to get ǫ ≪ 1. Next we need to calculate the number of e-folds N e and put the experimental constraints of having at least 60 e-folds of inflation. Assuming that we can set
The constraint of N e ≥ 60 implies
, which is an incredible fine-tuning:
it means that σ i needs to be incredibly close to zero for inflation to happen.
If n = −1, we have 38) and this leads to the same fine tuning for generic A. Note that n = −1 means the leading term in W is linear, W = aφ, a term that is known to give inflation.
However, if we have A = −1, then the leading term vanishes, so we must consider the next power in ǫ, obtaining
Then the potential becomes approximately
so we also have for the other slow-roll parameter
but it is still ≪ 1, so we satisfy the slow-roll conditions. Now we have from the experimental value of n s − 1
and it constrains
This would lead to a reasonable σ f /σ i , since now
which constrains σ i .
So we need to find the solutions to the A = −1 constraint, since they are the cases that give good inflation.
For n = −1, we have
This is one equation constraining 3 parameters b, c, κ, with d, f unconstrained (but they correspond to higher order coefficients in the Φ expansion of the superpotential).
We see that a simple solution is b = 0, c = 0, κ = 0, though it isn't the most general. In that case
and we need to impose that B = 1/2, i.e. f /a = −1/20.
Such a model will be considered in more detail below. In fact, it has already been considered by Izawa and Yanagida [19] .
From the previous analysis, we need to generalize to the case with general complex coefficients (instead of real ones), but for ease of calculations we consider the case with a nontrivial subleading term with a general power, i.e.
where a, b are complex. Then we obtain
and the potential is
We see that nothing new is obtained in this more general case, so the above analysis was complete.
Taylor expansion of superpotential
One can consider next the case that the superpotential is Taylor expandable, i.e. of the form (2.30), but with n < 0. We realize that the analysis did not depend on n being positive or negative, in fact the only case we have found that has inflation had n = −1, so the same conclusion applies: the model with n < 0 has
except in the case n = −1, which means that we do not get slow-roll inflation unless we have a leading linear potential.
Even in the case of the linear superpotential however, we need to be concerned about the sign of the first correction away from the plateau: i.e., if the potential becomes of the type V = A(1 + C 1 σ n + ...) with C 1 > 0, n > 0 then while we have inflation, we might not be able to end it, since this will lead us towards the local minimum at σ = 0, which has nonzero value for the potential. This is the case if we choose simply K =ΦΦ and W = Φ, when we have
as we can easily check with the above formulae. But if instead we have V = A(1−C 1 σ +...) with C 1 > 0, then we are led away from the local maximum of the potential at σ = 0.
We have therefore analyzed all possibilities for the case of a potential that is Taylor expandable except for poles.
Note that we could consider also combinations of exponentials and polynomials, but these cases are also Taylor expandable. For instance,
and the only issue is how many terms should we keep in the expansion for the consistency of the approximation. For instance, for n = 1 and m = 2, we should keep a subleading Φ 2 correction in dW/dΦ, that is, we should keep including terms of Φ 3n = Φ 3 and Φ n+m = Φ 3 , but not Φ 2m = Φ 4 terms.
But exponentials are useful tools for organizing these Taylor expansions. For instance, considering the superpotential (see [20] )
with b real and positive, we find the potential
which does move perturbatively away from σ = 0, though one would have to check nonperturbatively if it drops all the way to zero for large enough σ. For this simple model we find ǫ = 4b
so it seems like we have a good small field inflation if b ≪ 1. However, we have to consider also the number of e-folds, which becomes
and has to be larger than about 50-60. We can achieve all these constraints with small enough b, however if we also want to impose the experimental result for n s − 1 ≃ 0.032, with n s − 1 = −6ǫ + 2η, we obtain
and then the number of e-folds constraint implies σ f − σ i 5, which contradicts the constraint to be in the small inflaton region.
But the next simplest case of exponential solves this problem. Consider now
with b real and positive. Then we find the potential
which has the required decreasing plateau, and gives
so, since |η| ≫ ǫ, we have n s − 1 ≃ 2η ≃ −2b, and matching against the experimental result of −0.032, we get
In turn, that means we can easily fix the number of e-folds, since now
which can easily be made to be larger than 60.
The remaining possibility is of an essential singularity in the superpotential at Φ = 0, or a nonperturbative contribution.
Logarithmic superpotential
The first simple possibility of an essential singularity (which does not reduce to a pole or finite sum of poles) at Φ = 0 is a log superpotential, i.e.
Then the potential is
Note that for consistency we should only keep terms up to the first nontrivial subleading term in σ 2 . The slow-roll parameter ǫ is then found to be
so we don't get inflation.
Exponential superpotentials with essential singularity
Consider next a superpotential of the general form
and consider Re(a i −n ) > 0. The the superpotential at Φ = iσ has an essential singularity as σ → 0+, as e Re(ai −n )σ −n → ∞.
We obtain
and for Φ = iσ we obtain the potential
69) where we have defined the quantities
Note that per our assumption, we have F > 0. Then the potential is rapidly varying near σ = 0, the opposite of flat that we need for inflation, so we don't get inflation. Specifically, we have
Nonperturbative contribution
If on the other hand, one chooses Re(ai −n ) < 0, the superpotential at Φ = iσ is nonperturbative: it obeys W (σ = 0) = 0, but it is not Taylor expandable around σ = 0. But the formulas above are still valid, just that now we have F < 0. We still obtain ǫ ≫ 1, so no inflation.
Special inflationary models
In this way, we have analyzed simple cases of singularities of W at Φ = 0. Of course, we can always consider more complicated singularites, that mix exponentials, logs and powers in the leading term. For instance, one could consider the combination
with a, b ∈ R + , that has an essential singularity at Φ = 0, but of a more complicated type than the one above.
Or, one could consider more complicated nonperturbative contributions, like the case considered in [20] , of
with a, b ∈ R + , that becomes equal to 1 at Φ → i0.
But the aim here was to classify all natural possibilities, leaving a choice of highly special ones like the above to always be a possibility.
Logarithmic Kähler potential
Consider next the logarithmic Kähler potentials in (2.6). More concretely, we will consider corrections both multiplying the log and multiplying the factor inside the log, i.e.,
(2.74)
and
We see that we need α > 0 in order not to have a ghost (g ΦΦ > 0).
Taylor and Laurent expansion of the superpotential
Consider the generic superpotential
where m > 0, but n can be either positive or negative, obtaining either a Taylor expansion, or a Taylor expansion around a pole (Laurent expansion). Then we obtain the potential
where F = bi m + b * i −m . Note that if m = 1 we need to keep all these terms, if m = 2 we can drop the σ 2m term, and if m > 2 we can drop σ m and σ 2m . We see that we need α = 2n in order to have inflation, since a power law will not give inflation. But then we see that the plateau is actually an AdS plateau (at negative potential), so it will again not give inflation.
Therefore we cannot obtain inflation in this scenario. We must again move to superpotentials with essential singularities, and nonperturbative ones.
Logarithmic superpotential.

Consider the superpotential W = A ln(−iΦ). (2.79)
Then we obtain the potential
We see that we can only obtain a plateau if α = 0 (a power law potential has no plateau), but this is forbidden, since then we have no Kähler potential. Therefore also in this case we cannot obtain new inflation.
Exponential superpotentials with essential singularities
Consider now a superpotential
with n > 0 (since otherwise we can make a Taylor expansion). Then 2.82) and the resulting potential is
(2.83) Since we assumed n > 0, α > 0, the potential is dominated by the
factor, which we saw when analyzing the canonical Kähler potential that does not give inflation either. And again the result is independent on the sign of F , so it applies both in the case of a singularity at σ = 0 and of a nonperturbative contribution.
In conclusion, we cannot obtain inflation with the logarithmic Kähler potential either.
Linear term plus corrections and a general supergravity embedding
Finally, we consider a case for the Kähler potential that would be a bit counterintuitive on first thought, yet it contains a very important model, that allows us to embed a general inflationary model inside minimal supergravity.
We considered the perturbative (Taylor expansion) Kähler potential as starting with the canonical one, K =ΦΦ + ..., but that is not necessary, as we said at the beginning of the section. We could have a K that starts with the linear term α(Φ + Φ), and continues with quadratic and higher corrections. It is not clear how such a K would be obtained in perturbation theory, but we need to consider it, since it contains a very important example, considered in [8, 9] .
Consider the exact Kähler potential
where in the second line we have put the expansion only to the first subleading order. Note that to this order, we could make a Kähler transformation and get rid of the f (Φ) + g(Φ) terms, and remain with K = −ΦΦ + ..., but it is important that we have higher orders.
The canonical inflaton is φ can = √ 2ImΦ, and the real part is stabilized at zero. Then it is easy to see that the kinetic term of φ can is in fact canonical, and the potential becomes
andŴ (x) is a real function. Reversely, that means that for any positive definite potential, so that it can be written as a total square, one can find a superpotential that reproduces it. Thus most inflationary models can be embedded in minimal supergravity in this way.
Constraints from larger field
In order to really have inflation, we should be able to end it, which means that we should impose that the potential not only starts at a plateau, and starts to go down it, but that it is not followed (nonperturbatively) by a local maximum, but rather by a minimum. It could happen that after an initial downhill period, the potential grows to a local maximum, and then settles to a minimum. This would be the case in the "old inflation" type models, which however we know that don't work in detail, since one needs to tunnel through the maximum.
We have seen that a logarithmic Kähler potential is ruled out (does not give inflation) at the first stage, and we will ignore the special case (2.85), which can embed any positive definite potential in supergravity, since its Kähler potential is very special. Then the only possibility was a Kähler potential that is a Taylor expansion around the canonical one, and moreover in that case we only obtained inflation for the special Taylor-expandable superpotential that starts off with a linear term. We now must consider how to continue this model to larger fields, and find a potential where the plateau is followed by a minimum.
One example of such a model, that does satisfy these constraints, is the model considered by Yzawa and Yanagida [19] (see also the review [7] ), with
where n ≥ 3, and also v ≪ 1, g ∼ 1. The potential becomes
Because of the condition g/v 2 ≫ 1, we can approximate the potential, down to its minimum, and for a short while after it as well, by writing
which has a minimum at
Note that the negative value of the potential at the minimum is obtained by allowing back in some of the neglected terms, namely
However, as can be easily seen, this potential grows without bound after the negative (AdS) minimum. But if we are not interested in reaching large field values, we are fine. Otherwise, we need to extend it to higher values of the fields by adding extra terms.
If the minimum is not required to be close to zero, we can consider even the model of section 2.2, with K =ΦΦ and W = Φe bΦ 2 , whose exact potential is
From the experimental inflationary constraints, we saw that we needed b ≃ 1/60, and we can neglect it in the above potential. Then the square bracket has a minimum at x = σ 2 = 1/2, of value 3/4, compared with 1 at σ = 0, and the true minimum of the potential, including the exponential, is nearby. This potential then does have a local minimum, however at a rather large and positive value of the potential, and then it goes to infinity asymptotically. It is not good for phenomenology, since it will give a too large cosmological constant, since the field would be stuck at its (positive energy) minimum.
In conclusion, potentials satisfying our constraints are possible, and moreover the constraints themselves are nontrivial, and restrict to a very small set of models, of canonical Kähler potential (maybe plus corrections), and a linear superpotential plus corrections of higher order.
3 Constraints from large field and small potential Finally, we consider the constraint that the potential needs to remain small after the minimum, and moreover go down to zero asymptotically. As we mentioned, in the Izawa and Yanagida model of last subsection, this was not the case, and the potential grows without bounds after the negative (AdS) minimum. Yet at least perturbatively that was the only possibility we have found, so we need to analyze possible nonlinear completions for it that can give the desired result.
Consider first the possibilities for the Kähler potential. We want to obtain a potential that goes to zero asymptotically, but the N = 1 supergravity formula has an overall e K factor, whereas in the rest we have only gΦ Φ , ∂ Φ K and the superpotential and its derivatives. That means that K being nonlinearly a growing exponential e a(ΦΦ) β is ruled out: we would get an e e aσ 2β
growth, that could only be compensated by a superpotential that decays even faster, e −e aΦ 2β , which seems very unlikely from a physics point of view, and also can be explicitly shown to not give inflation in any case.
One could consider K to be instead a decaying exponential, like for instance 1) but in this case we obtain a Kähler metric (giving the kinetic term fot the inflaton)
which becomes negative for a region. Indeed, we can check that, considering the variable x = βΦΦ, the square bracket has a minimum at x = 3/2, where it takes the value −5/4. But a negative metric means the inflaton becomes a ghost, which is forbidden.
We encounter similar problems with nonlinear completions of the Kähler potential that go to zero too fast (such as to compensate for the asymptotic growth due to the superpotential).
A polynomial Kähler potential P n (Φ) at infinity means that e K becomes e Pn(Φ) , which would need to be compensated by a superpotential that is exponentially decaying at infinity. The example from section 2.2, with K =ΦΦ and W = Φe bΦ 2 was of this type. In fact this model to does reach a local minimum as we saw in the last section, but we need it also to go down asymptotically at infinity, so it needs to be further corrected. Similarly, the better defined Izawa-Yanagida model has a local AdS minimum close to zero, but then it grows without bounds, so it must be modified at large values of the field.
Trial modification of the Izawa-Yanagida model
Consider the following modification of the Izawa-Yanagida model with n = 4,
whereg stands for what we called g/v 2 in the unmodified model. Thisg is taken to be ≫ 1, and we also choose i p+m = −1. Then the potential is
(3.4) Consider moreover m = 4, p = 2 and β ≫ 1. Then 5) and then before the minimum, and a bit after, we can approximate the potential as
Note that the σ 2 terms cancel in the expansion (after expanding the exponential), so the first term is at order σ 4 , so we would get good inflation, and moreover the term starts to drop towards a minimum. Also V (σ → ∞) = 0, but unfortunately, a scan of parameter space shows that we cannot find a situation with a local minimum close to zero, and no maximum higher than the starting point. The situation can be understood analytically as follows.
Consider the case when ασ 2 can always be neglected with respect to the other terms. That means that σ must be sufficiently large for βσ 4 to dominate, but cannot be too close to 1. Then
We would like to see if this potential doesn't have a maximum larger than the value at zero, i.e. 1/α.
First, if we can neglect thegσ 4 /5 term, the minimum is at
It seems that simply imposingg ≪ β would work, since then βσ 4 min ≃ 1/4, so the factor in front of the potential would be e −2βσ 4 min ≃ e −1/2 already. But a more precise calculation shows it still doesn't give the required result, since the extrema of the function
defined by −8βσ
are given by a minimum at βσ 4 min = 1/4, and a maximum at βσ 4 max = 5/4. At the maximum we have 11) so the maximum is actually higher than the initial plateau.
We were able in fact to prove analytically that no value of β,g avoids this problem. Moreover, we were able to prove that neither does changing thegσ 4 /5 power law into another power, nor changing βσ 4 into any other function analytic at zero (Taylor expandable). In fact, the function replacing βσ 4 needs to be non-analytic, more specifically nonperturbative, at σ = 0.
Model with correct properties
In order to obtain a model that doesn't have a maximum with higher value than the one at σ = 0, we need to replace βσ 4 with a function f (σ) satisfying σf ′ (σ) ≪ f (σ) − f (0) for σ = σ min ≪ 1 (that is, at the minimum of the potential V, the first correction in a would-be Taylor expansion is actually much smaller than the deviation from zero). Such a function is e − c σ . Yet we also still need the e −2βσ 4 factor to counteract the e ασ 2 factor at large σ,. We will also see that thegσ 4 /5 term is not useful anymore, so we will putg = 0 later, but we will just keep it for now for completeness. We then consider the superpotential
The potential is then found to be
and on the inflationary region we can approximate further,
We want to analyze the end of inflation and the presence of a maximum, so we ignore for the moment ασ 2 and bσ in (3.13), considering that we are in an intermediate region, after inflation, but before these terms become of order 1. We also consider that we are before the onset of the β 1 σ 4 terms, and we putg = 0. Then we have
To analyze this potential, consider the function
Then the extrema of f (x) are at c = x, and since f (0) = 0 and f (∞) = 0, at x = c there is a maximum, with value f (c) = 1/e. The condition that the simplified potential above (which is positive definite) is zero is β 2 f (x) = 1, or f (x) = 1/β 2 . If 1/β 2 < 1/e, this equation will have exactly two solutions, one with c/x > 1 and one with c/x < 1.
In this case the square factor in (3.15), (1− β 2 f (x)) 2 , will (for β 2 > e by a margin) drop down to zero, then go to a maximum value of (1 − β 2 /e) 2 , and then drop again. Then the value of the exponential prefactor of (3.15) is e −2β 2 e −c/x = e −2β 2 /e . For the full potential at the maximum value, consider the function
where y = β 2 /e, with derivative 19) which is positive between y = 1 and y = 2 and negative otherwise, meaning that y = 1 is a minimum (as we knew), and y = 2 is a maximum. But g(0) = 1, g(1) = 0, whereas g(2) = e −4 ≪ 1. That means that for the optimum value of β 2 (and for any c), the value of the potential (3.15) at the maximum cannot be larger than e −4 ≪ 1 = V (0), which is what we wanted to obtain, so out model satisfies the desired conditions.
We still need a large enough value of β 2 , so that the suppression factor e −2β 2 overcomes any increase due to the β 1 σ 4 term (which is needed to stop at large σ the ασ 2 term in the exponential prefactor). We can choose for instance β 2 ∼ 10 and c ∼ 1, which means that the square in (3.15) is maximum at σ max = c ∼ 1. The two solutions for V = 0 are obtained from the equation
where now y = c/x, and are seen to be approximately y ≃ 1/9 and y ≃ 4 (since e 4 ≃ 54, β 2 y ≃ 40, e 1/9 ≃ 10/9, β 2 y ≃ 10/9). This leads to the first minimum (at zero) being for σ min ∼ c/4 ∼ 1/4 and the second minimum being for σ 2 ∼ 9c ∼ 9.
We can also find when inflation ends as follows. The value of σ there has to be less than σ min ∼ 1/4. Consider σ = 1/8. Then β 2 c/xe −c/x ∼ 80e −8 ≃ 80/2980 ≃ 1/35, whereas β 2 e −c/x ∼ 10e −8 = 10/2980 ∼ 1/300, meaning the exponential prefactor e −2β 2 e −c/x ∼ e −1/150 is completely irrelevant. So at σ = 1/8, the β 2 term is completely irrelevant for the exponential, but it gives a 1/35 correction to the 1 inside the square bracket, which is close to being relevant, whereas at σ = 1/4 is already gives V = 0. So the end of inflation is very shortly after σ = 1/8, hence we can assume σ end ≃ 1/8.
action leads to such a K (more precisely, to the resulting scalar metric gΦ Φ ), with β = 3 for 6 extra dimensions, and β = 2 for 2 large extra dimensions (and 4 small ones). σ is the volume of 4-cycles in the space. For more details, see [20] .
Such an interpolation is naturally logarithmic: Indeed, quantum corrections to the logarithmic Kähler modulus appear usually inside the log, see for instance the review [21] . Since we want these modifications to be nonperturbative in nature, a natural Kähler potential that achieves this is K = −2 ln −i(Φ −Φ) + λe −αΦΦ . The corrections due to λ however (to deviation from the canonical form) can be ignored for the whole analysis of the inflationary part and the part just after the potential This model was considered in [20] , and its consequences for inflation were discussed. However, it was seen that it leads to an n s − 1 that is in conflict with the latest Planck data: one obtains naturally a value of the order of 10 −5 , as opposed to the observed ∼ 0.03.
Conclusions
In this paper we have analyzed the possibility of having small field inflation in mimimal supergravity coupled with a single scalar superfield that contains the inflaton. While it is always possible to consider very contrived functional forms for the Kähler potential and superpotential, that combine exponentials, logs and powers in a nontrivial way, we have analyzed systematically simple possibilities for small values of the inflaton.
Besides the previously identified class of models with a superpotential defined by a real function and a nontrivial Kähler potential (2.85), that is difficult to obtain from a more fundamental construction (say in string theory), we have found only a very restricted set of possibilities. Only a canonical Kähler potential with corrections, K =ΦΦ+... with a Taylor expansion for the superpotential starting at W = AΦ + ... gives inflation. In order to avoid a very high fine tuning of the initial conditions, we obtain a constraint on the coefficients of the Taylor expansions. One possible solution for it would be W = AΦe bΦ 2 + .... Another solution has already been considered by Yzawa and Yanagida.
If we also want to have a way to end inflation in a reheating or preheating phase, we need to have a steep drop in the potential, followed by a minimum. This further restricts the possibilities. The Izawa-Yanagida model (2.88) is one possibility. If one allows for a large value of the minimum, we can have other solutions, like W = AΦe bΦ 2 .
Finally, if we want to be able to reach large values of Φ, like in the case that Φ is a volume modulus in a large extra dimensions scenario, there need to be no maximum larger than V (Φ = 0) at larger Φ, and we find that all simple possibilities for K and W are excluded. Only very convoluted possibilies are allowed. We have found one such example, but besides being very difficult to see how it could be realized, it is already ruled out by the experimental values of n s − 1.
